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© Motivations
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o Multiscaleimageanalysisand Neurophysiology
o Edgedetection
o Edgechaacterization
o Shift invariance
e David Marr's conjecture: Multiscale edgeinformation can completely
representan input image.

o Relevancef waveletson the aboveissues
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© Marr's Theay and Neurophysiology
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Introductionto Marr's Theay

o David Marr (1945{1980) proposedthe following strategy/processes
for visualperception

Raw Primal Sketch  Edgedetection,chaacterization Retina,V1

Full Primal Sketch ~ Grouping,edgeintegration V1, V2

Z%D Sketch  Recognitionof visiblesurfaces V2?,V4?

3D Model Representations Recognitionof 3D objectshapes IT?

¢ ¢ ¢ ¢

@ Our primary focustoday is a part of Raw Primal Sketch, i.e., edge
detectionand chaacterization,and how to repgresentan imageusing
multiscaleedgeinformation.

@ Truth is much more complicated(and interesting) due to cola and
motion, but we will focuson still imagesof intensity (grayscale)today.
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BasicNeurophysiologgf Visual Systems
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Figure: V1 area and visual passvays (From D. Hubel: Eye, Brain, and Vision)
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BasicNeurophysiologgf VisualSystems . .

Gangllmn Horizontal

Figure: Structure of retina (From D. Hubel: Eye, Brain, and Vision)
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BasicNeurophysiologgf VisualSystems . .

o ReceptiveField of a sensoy neuron=a spatialregionin which the
presenceof a stimuluswill alter the ring of that neuron.

@ Spatial organizationof receptive elds of retinal ganglioncells
(Kuer, 1953)

@ circulaly symmetric
@ a central excitatay region
@ an inhibitory surround

e This impliesthat they can detectedges
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Receptive-ields

The responses of cat retinal
ganglion cells to spots of
light. A centre-on cell (a)
responds with a burst of

impulses to the onset of a
spot of light in the centre of
its field or to the offset of a
spot of light in the surround
area. A centre-off cell (b)
responds in the opposite
fashion.
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Figure: Receptiveeld respnsesof ganglioncells(From V. Bruceet al.: Visual

Perception)
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Receptive-ields
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Figure: Realizationof on-centero -surround receptive eld (green)by a
Di erence of GaussiangDOG) function (Enroth-Cugell& Robson,1966).
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The Marr-Hildreth Theay of Zero-Crossings

e Marr's idea: Multiscale edgescan reresentan input image

e Marr and Hildreth approximated the receptive elds as Laplacianof
Gaussian(LoG), whichin turn can be closelyapproximated by
Di erence of GaussiangDOG).

o They are regulaized 2nd derivativeoperata.

@ Zero-crossing®f the convolutionof these Iters with the input image
encale the location of edgesat appropriate scales.

o Slope (or gradient) at eachzero-crossingncalesedgestrength (
shapness)at appropriate scales.

@ How to usethe edgeinformation to recoveror regresentthe original
image?
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EdgeDetectionand Zero-Crossings

Figure:
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Measuring image gradients and derivatives. (A) Top trace is the stimulus luminance profile, representing a thin bright line, a blurred edge, and a blurred bar. The trace below is the
response profile of a 1t derivalive (gradient) fiter. Note how there is a peak response (gradient maximum) at the edge location, but a peak and trough around the line and bar
locations. (B) Similar layout, but the filtr is a 2nd derivative operator, as used by the Marr and Hildreth (1980) and Watt and Morgan (1985) models of feature representation. Note
how the zero-crossing lines up with the edge location (dotted line). The response to a thin line (left part of each panel) reveals the profile of each filter's receptive field—two-lobed
() and three-lobed (B). These plots ilustrate a key problem for early spatial vision: how is the information from spatial fiers used to derive a description of the locations and
characteristics of features present in the image?

Resmnsesof 1st and 2nd derivativeoperatas to various features(From

V. Bruceet al.: Visual Perceptior)
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Laplacianof Gaussiarfiltering

[ F.

saito@math.ucdavis.edu (UC Davis) Multiscale Edges, Vision, and Wavelets UCD Math. Bio. Semina 14/ 68



Zero-Crossingef LoG ltered images
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Zero-Crossingef LoG ltered images(Thresholded)
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Waveletsin V17

Figure: Columna organizationof V1 cellsof cats and monkeys(From:
R. L. De Valois& K. K. De Valois: Spatial Vision)

saito@math.ucdavis.edu (UC Davis) Multiscale Edges, Vision, and Wavelets UCD Math. Bio. Semina 17/ 68



Forming Scaleand OrientationSelectiviy in V1

Figure: Various summationsof ganglionreceptive elds (From: B. A. Wandell:
Foundationsof Vision)
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Why Not UseDi erent Waveletsasa MultiscaleEdge

Detecta?

Multiscale LoGsin fact form a continuouswavelettransfam.

But rather slov computationally

Canwe usefaster popula discretewavelets?

Canwe view them as multiscaleedgedetectas and receptive elds?
Yes. But we needto know a little bit about the waveletbasics!

| will concentrateon the 1D casein this talk from now on. For 2D,
it's possibleto do via tensa product.

@ You are more than welcometo work on this areawith me if you are
interested. The project with my former intern hasnot beencompleted
yet for 2D.

e © 6 ¢ ¢ ¢
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© Introduction to Wavelets
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What Are Wavelets?

e An orthonarmal basisof L?(R) generatecby dilations (scalingy and
translations(shifts) of a singlefunction

o Providean intermediaterepresentationof signalsbetweenspace
domainand frequencydomain (space-scale@epresentation)

@ A computationallye cient algaithm (O(N)) existsfor expandinga
discretesignalof length N into sucha waveletbasis

e Usefulfor signal processing humericalanalysis statistics. . .
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Familiaa Examples

@ The Haa functions 8
21 if0 x }
Haa(X) = S 1 ifi x 1
"0 otherwise.
@ The Shannon(or Littlewood-Paley) wavelets: Dilations and
translationsof the perfect band-passiter
sin2 x sin X
< :

1 (X) = 2 sind2x) sinc) =

saito@math.ucdavis.edu (UC Davis) Multiscale Edges, Vision, and Wavelets UCD Math. Bio. Semina 22/ 68



MultiresolutionAnalysis

A natural framework to understandwaveletsdevelogd by S. Mallat
& Y. Meyer (1986)

Successivapproximationsof L?(R) with multiple resolutions
Vo, ViV Vi Vo

2z Vi =108 52 Vi = LX(R)
fx)2V;() f(2xX)2V; 1, 822
o f(x)2Vj() f(x 2k)2V;, 82z
@ 91" (Xx) 2 Vg (scalingfunction or father wavele), suchthat
f' jk(X)Ok2z, where' j(x) = 2 172" (2 Ix k), form an
orthonarmal basisof V;

e & ¢ (]
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MultiresolutionAnalysis. . .

The Concept of Multiresolution Analysis

Vo
V1
V2
V3
|
I TR, S
0 pil2 pi frequency

Multiresolution Analysis by Sinc Wavelets
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MultiresolutionAnalysis. . .

e SinceVy V 1, thereexistcoe cients fhyg2 “?(Z) suchthat

p_X
"x)= 2 h'(2x k)
k

where D Z
he=H, "1ki= 2 '(x) (2x k)dx:

@ From the orthonamality of f' ¢.xg, the coe cients fhy,g must satisfy
X
hchg21 = o
k
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MultiresolutionAnalysis. . .

Let us now considerthe orthogonalcomplementW; of V; in V; ;.
) Vj 1= Vi Wj.
o LAR)= 7 W;.
@ 91 (x) 2 Wy (basicwaveletor mother wavele), suchthat
fk(X)9Gy2z2, Where j4(x) = 2 172 (2 Ix k), form an
orthonormal basisofx L2(R).

0="2 g @ K o= ( Dy i
k
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Familiaa Examples

@ lfhg=hy = 1=p 2, then

) = oy
= pu@x)+ pgx 1)
= [0;%](X)+ [%;1]()():
(x) = Haa'(x)

= oy g
o Ifhe = sinc(k:2)=p 2,k 2 Z, then
" (x) = sinc);

(xX)= 1 (x) =2 sinc(X) sinck):
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MultiresolutionAnalysis. . .

@ In the Fourier domain,
N ) = mo( =2)"( =2);

") = my( =2 =2);
where 1 X N
mo( )= p=  he;
2
1 X . e ———
my( ) = P= o€l =0 Im( + )
k

o The lters H = fhyg and G = fgxg are calledquadraturemirror
lters (QMF) sincethey satisfy

jmo( )j? + jma( )j% = 1.
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MultiresolutionAnalysis. . .

e From theseproperties, we have

I™OZ = N =2)0% + 17 =2)%

Y .
)= mo( =2);
j=1

N \2 i
()=m(=2) mo(=2):
=2
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CompactlySupported Waveletsof Daulechies

@ Oncethe coe cients fhygg are chosen the father and mother
waveletsare completelydetermined

fheg of nite length=) compactlysupported father and mother
wavelets

(]

In 1987, 1. Daubechiesfound a way to determinef hyg of nite
length, L

Compactsupport:

jsupp’ j=jsupp j=L 1
Regulaity: 2Cc M 1. 1=5
Vanishingmoments(L = 2M):
z
X (x)dx=0; foom=0;1:::;M 1
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Problemsof Orthonamal WaveletBasis

e Providenonredundantcompactrepresentation=) Very usefulfor
signalcomgression,in particular, piecewisesmaoth data.

o However,it doesnot provide shift invariant representation. The
relation betweenthe waveletcoe cients of the original and those of
the shifted versionis complicatedunlike the usualFourier coe cients.

o Exceptfor L= 2 (Haar), ' and are neithersymmetricnor
antisymmetric,thus someartifacts becomevisibleif the input signalis
severelycompessed.

o First we tackle the shift-invariance problem.
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© Orthonamal ShellRepesentation
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Orthonamal ShellRepesentation

@ A shift-invariant representationusingthe orthonormal wavelets

@ Redundantbut containsall orthonormal waveletcoe cients of all
circular shifts of the original signal

@ Computationalcostis O(N log, N) whereN = # of input samples

s Q/Of/.QQQQQOQQQQQQ

2

#O/././.OQOQOQOQO

%wﬁ/o 000
s? OHONONOCNONON NONCHONONONONS

Figure: Filled circles: waveletcoe cients; Filled & open circles: orthonormal shell
coe cients

saito@math.ucdavis.edu (UC Davis) Multiscale Edges, Vision, and Wavelets UCD Math. Bio. Semina 33/ 68



sO|

dl

d2

d3

4
— —

d4

=

400

500

Figure: ONS representationof two spikes.
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Orthonamal Shell

@ An orthonormal shellis a set of functions
n 0

ej;k(X)

and f'ej(x ;
130k N 1 209 kN 2

where
Tk(¥) =212 2 1(x K);&x(x) =212 21(x k)

o The |grthonormal shellcoe cients of a functionf 2 Vo,
f=" Mo Ok,afefdkgl i 30k N 1andfsido k N 1, where
4 Z

s = fO)ex()dx; dl = f(x) 8. (x)dx
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Orthonamal ShellRepesentation. . .

Orthonormal Shell Average Coefficients

400 600 800

Figure: ONS representationof a real signal.
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Di culties of Orthonamal Shell

e Asymmetryof the orthonarmal wavelets! Di cult y in feature
matchingfrom scaleto scale.

o Fractal-like shapesof the orthonarmal wavelets! Too many
zero-crossings/extrema.
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© Autocarelation Functionsof Wavelets
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Autocoarrelation Functionsof Wavelets

Z 1

(x)= . "(y) (y x)dy
Z 4

(x)= . (y) (y x)dy

o Symmetricand smaother than the carespnding' (x) and (x)

e Convolutionwith ( x) essentiallypehavesasa di erential operata
(d=dx)" (= "() O("Y

@ ( x) inducesthe symmetriciterative interpolation scheme
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Autocoarelation Functionsof Father Wavelets

0.5 0 05
© (d)

Figure: vs' in spaceand frequencydomain.
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Autocoarrelation Functionsof Mother Wavelets
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Autocoarelation Functionsof Wavelets. . .

@ In Fourierdomain:
"()=i")i® and () =" )*
o Valuesat integer points:
(k)= o and (k)= o
@ Di erence of two autocarrelation functions:
TH)+1)H)=1 =2

or equivalently

(x)=202x) (x):
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Compaisonwith LoG and DOG functions

(x)=22x) (x):
VS
d2
2> ) G(x;a) G(x; )
= aG(ax; ) G(x; );
where

x2=2 2,

G(x; )= pzlre ;

anda= 1:6 asMarr suggested.
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Autocoarelation Functionsof Wavelets. . .

e Two-scaledi erence equations

52

(x)=(2x)+% ay 1(2x 2+D+ 2x+2 1));
I=1
1%

(x)= (2 x) > a 1(2x 2+1D+ 2x+2 1));
I=1

wheref axg are the autocarelation coe cients of the Iter H,
Lyt k
a =2 hh+e for k=1:::;L 1,

1=0

=0 for k=1;:::;L=2 1.
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Autocoarelation Functionsof Wavelets. . .

o Compactsupports:
supp ( x) =supp ( x)=[ L+ LL 1F

@ Vanishingmoments:
XM ( x)dx = 0; foor 0 m L 1

1
XM ( x)dx = 0; foor' 1 m L 1
1
( xX)dx =
1
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© Autocarelation ShellRepgesentation
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Autocarelation ShellRepesentation

(]

A non-athogonal shift-invariiant representationusingdilations and
translationsof ( x) and ( x)

Containscoe cients of all circula shifts of the original signal

Convertibleto the orthonarmal shellreresentationon eachscale
sepaately

(]

Zero-crossing®f the di erence signalscarespnd to multiscaleedges
Computationalcostis still O(N log, N)
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Autocarelation ShellRepesentation. . .
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Figure: ACS representationof two spikes.
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Autocoarelation Shell

o An autocoarrelation shellis a set of functions

Fow®)or j 50 v @d T oow(X)9 ¢ 1
where
() =272 J(x k) jax) =212 I(x k)

o The gutocarrelation shellcoe cients of a functionf 2 Vo,
f=" s ok, aefDLgr j 5.0 k N 1andfSlgo k N 1, Where

Z z
S = fi(x)2 Peu(x)dx; Dl = fl(x)2 1728, (x)dx;
. X1 . X1
fd(x) = ' (x ) fi0) = d’ (x )
=0 =0

§, d! are the orthonarmal shellcoe cients.
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AutocarelationShell. . .

An important relation betweenthe original sampled sl?g and the
autocarelation shellcoe cients is:

1 1
' _ 0
Si Ok = S jik
k=0 k=0
1 1
' _ 0
Dﬂ Ok = S jik
k=0 k=0
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Autocarelation ShellRepesentation. . .

Autocorrelation Shell Average Coefficients

LN S A e

400 600 800

Figure: ACSrepresentationof the real signal.
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A Fast Decommsition Algarithm

Rewriting the two-scaledi erence equations:

X1 X1

1 1
P—E( X=2) = P ( X K); P—z( X=2) = ok ( X K);
k= L+1 k= L+1
where 8
>2 172 for k = O;
=2 2ay; fork= 1, 3 (L 1)
"0 foork= 2, 4;:::; (L 2),

(
2 1722 fork=0;

G = px  otherwise
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A Fast Decommsition Algarithm

@ We viewthesecoe cients as Iters P = fpxg 1+1 « L 1 and
Q="fkg L+1 k L 1-

o P=p kanddk = q k.
o Only L=2+ 1 distinct non-zerocoe cients.

o Usingthese Iters P and Q, we compute

1

j — i1 .
S( - pl%{+2] 1y
I= L+1
K 1
i = j 1 .
Dy = AScioi 1
I= L+1
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Familiaa Examples

@ The Haa wavelet:
1 1 1 1 1 1
fpkg_ p_é Ellyé [} qug_ p_é E,l, E

@ The Daubechieswaveletwith L= 2M = 4:

1 1 9 9 1
Po=P7 16%6116% 16
1 1 9 9
f = _ 0 _.1 RN o T
%P5 6% 16 16916

@ The Shannonwavelet: for k 2 Z,

Pk = pl—é sinck=2); gk = pl—é (2sinck) sinck=2)):
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A Fast ReconstructiorAlgarithm

e Using™( )+ T )= "( =2), we obtain a simplereconstruction
formula,

R R
1

@ Giventhe autocarrelation shellcoe cients fDlj(gl j ;0 k N 1and

fSI00 k N 1,
XJ

$=2792g+ 22D,
=1
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@ !terative Interpolation and Edge Detection
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An lterative Interpolation Scheme

o ( x) inducesthe symmetriciterative interpolation schemeof
S.Dubuc.

o This interpolation schemells the gap betweenthe following two
extremecases:

e The Haa father wavelet! linea interpolation

8

< 1+x for 1 x O,
Haa(®*)=. 1 x for0 x 1,

0 otherwise.

o The Shannonfather wavelet! band-limitedinterpolation

1 (X) =" 1 (x) = sinck):
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An lterative Interpolation Scheme . .

Figure: Dubuc iterative interpolation with L = 4.
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EdgeDetectionvia Iterative Interpolation Scheme . .

o EssentiallyDubuc'siterative interpolation schemeupsampleghe
discretedata, i.e. goesup from coaserto ner scalesby lling new
points smaothly betweenthe samplepoints without changingthe
original samplevalues.

o Asaresult,we canevaluate ( x), 4x), ( x), and qx) at any
givenpoint x 2 R within the prescrited numericalaccuracy
@ Caniteratively zoom in the interval until it reachegx ;x+ ]. The

derivativeis merelya convolutionof the valuesof in that interval
with somediscrete Iter coe cients.

saito@math.ucdavis.edu (UC Davis) Multiscale Edges, Vision, and Wavelets UCD Math. Bio. Semina 59/ 68



© sSignalReconstructionfrom Zero-Crossings
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Reconstructiorof Signalsfrom Zero-Crossings

e Marr's conjecture
o Previousattempts
o Curtis & Oppenheim('87): Multiple levelcrossingsfourier
coe cients, no multiscale
o Hummel& Moniot ('89): Scale-spaceheat equation, stability problem,
empiricaluseof slope information
o Mallat ('91): Dyadic wavelettransfam, waveletmaxima,POCS
(projection onto convexsets)for reconstruction

@ Canwe reconstructthe original signalfrom zero-crossinggand slopes
at thesezero-crossingsf necessg) of the autocarrelation shell
representationof that signal?
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AdvantagesisingACS

e Zero-crossing®f the ACS representationare relatedto multiscale
edgesof the original signal.

@ We havean e cient iterative algaithm to pinpoint these
zero-crossing$ via the Dubuc's iterative interpolation ).

o Proposition allows us to set up a systemof linea algelaic equations
to reconstructthe original signal.

o Canexplicitly shav that the slope information at eachzero-crossings
necessy.
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ProposedMethod (SeeSaito & Beylkin'93 for the details)

© Computezero-crossindocationsand slopesat theselocationsin the
ACS representationusingthe symmetriciterative interpolation
scheme.

@ Setup a systemof linea algelvaic equations(often spase), where
the unknavn vecta is the original signalitself and the entriesof the
matrix are computedfrom the valuesof ( x); qx) at the integer
translatesof the zero-crossingocations.

© Solvethe linea systemto nd the original signal.
Note that one can introduce heuristicconstraintssuchasthe distance

betweenthe adjacentzero-crossingat the jth scaledoesnot exceed
2*1(L 1), which may stabilizethe linea systemsolver.
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1D Examples

@ The 1D pro le of the imageof the size512.
In this case,the sizeof the matrix A is 1852by 512. The relative L2
erra of the reconstructedsignalcompaed with the original signalis
5:674436 10 3. The accuracythreshold wassetto 10 4. In this
example,the constraintsdid not make any di erence sincethe
zero-crossingsare \dense".

o A unit impulsef 314083, .
In this case,the sizeof the matrix A is56 64. This exampleneeds
constraints. The relative L? erra with the constraintsis
7:417360 10 '° whereashe erra of the solution by the generalized
inversewithout the constraintsis 3:247662 10 “.
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© Conclusions
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Conclusions

e The autocarrelation waveletsbehavelike edgedetectas with various
scales

@ Canchaacterizethe type of edges(singulaities) from the deca of
the ACS coe cients acrossscales

o The autocarelation waveletsare symmetrig su ciently smaooth, and
inducea symmetriciterative interpolation scheme

@ The autocarelation shellis a shift-invariant repgresentationcontaining
the coe cients of all circulant shifts of the original signalwith the
costO(N log, N)

@ The original signalis alsoreconstructedby solvinga systemof linea
algelyaic equationsderivedfrom the zero-crossinggand slopes)
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